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Infinitesimals and Differentials  -  Smaller than Smallest 
 

We frequently use the word infinitesimal or the phrase infinitesimally small. What does that really mean? It is 
the tiniest positive number you can imagine.  An infinitesimal grain of sand is smaller than any other grain of 
sand. An infinitesimal time interval is not an instant in time, but it shorter than any possible duration.  We have 
many named short periods of times:  seconds, milliseconds (1/1000 second), microseconds (one millionth of a 
second), nanoseconds (one billionth of a second), picoseconds (one trillionth of a second), and zeptoseconds 
(one sextillionth  of a second). But an infinitesimal amount of time is shorter than any of these.  
 
The problem is that when you find this grain of sand, you then have to imagine one 
smaller.  Calling a duration of time infinitesimal means that we can create a new interval 
made up of half of that time.  Calling something infinitesimally small creates a paradox.   
We say it is the smallest and then come up with one even smaller.  
 
If we look at a sequence of regular polygons starting with an equilateral triangle, a square, a pentagon, hexagon, 
and so forth, we realize that the more sides that polygon has, the shorter those sides are, and the more circular 
our shape became. But does it make sense then to define a circle as a polygon with infinite sides, each of them 
infinitesimally small?  
 
So do infinitesimals actually exist in the real world?  Or is it just convenient to believe they exist? 
 
In order to understand infinitesimals, let start with some notation. In your calculus course, you have worked 
with   Let’s talk about what they really mean.  Consider the statements  

 
  

 
What these two statements say is this:  we start with some value of x and apply some function f. When we do 
that, we get y.  Now if we change x a little bit by adding some value  to it, and apply f,  we will end up with y 
plus a little extra which we will call . 
 
Let’s make that general statement concrete with an example. Today, when you enter a parking garage, you get a 
ticket that is stamped with the time you came in.  When you leave, you insert your ticket into a machine that 
generates that time as well and then calculates the total time you were in the garage.  How much you pay is thus 
a function of time.   
 
However, years ago we had parking meters that worked differently. You paid first based on 
how much time you expected to be parked. How much time the meter gave you was a 
function of how much money you put in the meter.  Usually, there was a maximum amount 
of time allowed and the meter would only accept one type of coin, usually quarters. 
 
Suppose we have an imaginary meter that allows parking for any length of time.  It can also 
accept any coin or bill.  To park in front of the meter costs a minimum of $5 for up to 30 minutes.  Drivers can 
put in more than $5 and they will get additional time although how much is not indicated on the meter. 
 
So we take our statement  and change it to .  The function f is the 
unknown pricing mechanism of the meter.  x represents how much money was originally put in – in this case 
$5,  and y represents how much time in minutes we get – in this case 30.  represents how much money above 
$5 is put into the meter while represents how much more time over 30 minutes we get. 
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x, y, Δx,Δy,dx and dy.

y = f x( )  and f x + Δx( ) = y + Δy
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We know that if we put more than $5 into the meter, we will get more than 30 minutes. Even a penny will gain 
us more time.  If our meter worked electronically rather than with physical coins, we could put in a half of a 
cent more or 1/100 of a cent. There is no limit to how small  can be. Make it small enough and we might 
only get one extra second or a fraction of that. So there is no limit to how small  can be as well. 
 
Of course,  can equal zero but then  would also equal zero.  But in that case x is not changing and we are 
interested in the effect on how y changes when x changes. So and thus  as well. 
 
In this example, we do not know the algorithm for f.  No information is given to how much parking time you 
will get when you put in $5.50 into the meter or $5.05 or $5.005. 
 
Let’s work with an example where we do know the algorithm for f.  Let us say that   So 

  Let’s then look at .  We don’t need a calculator to know that it will be just a 
bit more than 16. But by how much? 
 
So where the function f  is raising the expression to the 4th power and is how much 
more than 16 our calculation gives. 
 
Using a calculator to 12 decimal places, we get   However, I am choosing to write 
this as .   So , the decimal part of the answer is 
made up of a small part, a miniscule part, a microscopic part, and a super-microscopic part. 
 
Using some algebra, we realize that that 2.001 is in the form where x = 2 and . The Greek 
letter means the difference or change in x as x goes from 2 to 2.001. So asking the value of   is really 

asking the value of  . Recalling Pascal’s Triangle or the binomial theorem, we get that   
 

 
 

So when x = 2, we get that        

 
, the decimal part beyond 16 then consists of four pieces of different sizes: 

 
• The small part (but the largest of the four) is   

• The miniscule part is  

• The microscopic part is  

• And the super-microscopic part is  
 
So when calculating , let’s focus just on the small part of the decimal and realize that the miniscule part, 
the microscopic part, and the super-microscopic part have almost no effect on the small part. Better than that, 
you can throw them away.  I know that might not sit well with you but let me show why. 

Δx
Δy

Δx Δy
Δx > 0 Δy > 0

f x( ) = x4.
f 2( ) = 24 = 16. f 2.001( ) = 2.0014

f 2+ .001( ) = 16+ Δy Δy

2.0014 = 16.032024008001.
2.0014 = 16+ .032+ .000024+ .000000008+ .000000000001 Δy

x + Δx Δx = .001
Δ 2.0014

f x + Δx( ) = x + Δx( )4

f x + Δx( ) = x + Δx( )4 = x4 + 4x3 Δx( )+ 6x2 Δx( )2 + 4x Δx( )3 + Δx( )4

f 2+ Δx( ) = 2+ Δx( )4
= 24 + 4 2( )3

Δx( )+ 6 2( )2
Δx( )2

+ 4 2( ) Δx( )3
+ Δx( )4

                   = 16+ 32 Δx( )+ 24 Δx( )2
+8 Δx( )3

+ Δx( )4

Δy

32 Δx( ) = .032
24 Δx( )2 = .000024
8 Δx( )3 = .000000008

Δx( )4 = .00000000001

2.0014
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The table below shows the comparative size of the small part to each of the other parts.  The small part is over 
1,000 times the size of the miniscule part.  You can see how the other parts measure up. 
 

Part 
Comparison to 

Small Part 
Miniscule                   1,333  
Microscopic            4,000,000  

Super- 
Microscopic   32,000,000,000  

 
Want further proof?  Suppose you played a slot machine by betting any sum of money.  If you win, you 
multiply the amount you bet by the value of  to get your winnings. The following table shows the 
amount you would receive if the casino multiplied your bet by  (true winnings) as 
opposed to simply 16.032 (approximate winnings - throwing away the .000024008001).  We calculate to the 
nearest cent even through there are 10 more decimal places beyond it. 
 

Bet True Winnings 
Approximate 

Winnings Difference 
            100                 1,603.20             1,603.20               0.00  
            210                 3,366.73             3,366.72               0.01  
         1,000               16,032.02           16,032.00               0.02  
       10,000             160,320.24         160,320.00               0.24  
       41,445             664,447.24         664,446.24               1.00  
     100,000          1,603,202.40      1,603,200.00               2.40  
  1,000,000        16,032,024.01    16,032,000.00             24.01  
  4,165,070        66,774,502.24    66,774,402.24           100.00  

 
Bet $100 and there would be no difference, at least no difference in terms of the actual money you would 
receive.  It would take a bet of $210 to see a difference of a penny in what you would receive and a bet of 
$41,445 to even see the difference of a dollar.  And you would need to bet over 4 million dollars (and receive 
over 66 million dollars) just to see the difference of $100.   Only a true skinflint would protest throwing away 
all but the small part,  part of the calculation. 
 
Are you willing to throw away the part as well? I doubt it. That is where you draw the line.  Doing so 
would simply multiply your bet by 16 rather than 16.032. While it would mean a difference of just $32 on a 
$1,000 bet, it would make a difference of $133,282 on a bet of just over $4 million.  That is a chunk of change. 
 
So let’s now change to . This notation indicates an infinitesimally small difference dx 
(even though we started this section by showing how paradoxical this concept is). So, 
 

 
 
  

2.0014

24 = 16.032024008001

the 32Δx( )
32Δx

f 2+ Δx( ) f 2+ dx( )

f 2+ dx( ) = 2+ dx( )4 = 16+ 32 dx( )+ 24 dx( )2 +8 dx( )3 + dx( )4
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But we just showed that if dx is infinitesimally small, then the terms  are infinitely 
small infinitesimals and quite negligible in the sum and can be ignored.  That gives us  
 

 
 

You might wonder then why we don’t discard the 32 dx as well. That too will be infinitesimally small. But if we 
were to eliminate it, then there would be no change at all.  Our answer is just 16.  It is like the parking meter. 
Put in $5 plus a little more and you get 30 minutes plus a little more time.  But if you don’t put in more than $5, 
than the extra time you get is zero. 
 
 
The cardinal rule: When we do problems of this nature and work with infinitesimal change, we keep any 
terms that use dx raised to the first power. Any other powers of dx can be ignored. 
 
 
So we use  when we are working with finite change. But when our change is infinitesimally small, 
we will switch to the use of dx and dy. These are called differentials.  Using differentials allows us to eliminate 
the clunky limit notation that causes students fits. 
 
Suppose we have some function  as shown in the figure to the 

right. We choose some point on the function and call it  . We 
then move a short distance to the right. The new point on the curve is 

. We see the line in green joining the two points and 
the changes in y and x, . Of course, the slope of the green line 

is . 

 
 
 
 
Let us now assume that is very small. We draw the tangent line to the 
function at as shown in purple.  Again, we move a short distance 

to the right. We now look at the distance dy, also in purple. This 
represents the approximate change in y, . However, it doesn’t appear to 
be a great approximation.   
 
But if our is smaller, notice how  and dy get closer to each other. 
Get close enough and there is almost no difference. So differentials are 
used when  is infinitesimally small and we call it dx.  And dy will 
represent the approximate change in y as a function of the current value of 
x.  So dy is an infinitesimal rise and dx is an infinitesimal run and the slope 

is calculated the way it always is, . 

 
 

24 dx( )2
, 8 dx( )3

and dx( )4

f 2+ dx( ) = 2+ dx( )4 = 16+ 32dx

Δx and Δy

y = f x( )
x, f x( )( )

Δx
x + Δx, f x + Δx( )( )

Δy and Δx
Δy
Δx

Δx
x, f x( )( )

Δx
Δy

Δx Δy

Δx

m = rise
run

= dy
dx
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So when we are dealing with exact change, we have the relationship   

The differential form of this using infinitesimals is  
 
Let us see how nicely the differential form works with our previous function   

 

 
Following our guidelines, we eliminate all terms on the right side with powers of dx. 
 

 

At x = 2, our slope is . That is the same 32 we saw previously when calculating 

. It is why changing 2 to 2.001 gave us .  It 
means that an infinitesimal change in x close to 2 (called dx) gets transformed to an infinitesimal change in y 
near 16 that is 32 time bigger than dx: dy = 32 dx. 
 
This method of finding a derivative is far cleaner than the one you learned using limits.  You replaced  with 
0 but only after factoring it out of the numerator to cancel with the denominator.  

 

 
We can use differentials to find derivatives of the sine function (which we never actually proved). 
 

 

               Now, we learned that , it must follow that sin dx must be the same as dx.  So, 

 

At the very least, you should understand the reasoning for the  notation for the derivative. Students are 

taught that  is an entity, but in reality it is nothing more than a ratio of the differentials dy to dx. 

Δy = f x + Δx( )− f x( )
dy = f x + dx( )− f x( )

y = f x( ) = x4.
dy = f x + dx( )− f x( ) = x + dx( )4 − x4
dy = x4 + 4x3dx + 6x2 dx( )2 + 4x dx( )3 + dx( )4 − x4

dy = 4x3dx or 
dy
dx

= 4x3

4 2( )3 = 32
f 2+ Δx( ) = 16+ 32 Δx( )+ 24 Δx( )2 +8 Δx( )3 + Δx( )4 2.0014 ≈16.032

Δx

dy
dx

= lim
Δx=0

f x + Δx( )− f x( )
Δx

= lim
Δx=0

x + Δx( )4 − f x( )
Δx

= lim
Δx=0

x4 + 4x3 Δx( )+ 6x2 Δx( )2 + 4x Δx( )3 + Δx( )4 − x4
Δx

= lim
Δx=0
4x3 + 6x2 Δx( )+ 4x Δx( )2 + Δx( )3

dy
dx

= 4x3

dy = x + dx( )4 − x4
dy = x4 + 4x3dx − x4

dy = 4x3dx
dy
dx

= 4x3

dy = sin x + dx( )− sin x = sin x ⋅cosdx + cos x ⋅sindx − sin x

dy = sin x 1( )+ cos x ⋅sindx − sin x

dy = cos x ⋅sindx

Since dx is infinitesimally small, cosdx = 1

lim
x→0

sin x
x

= 1

dy = cos x ⋅dx or 
dy
dx

= cos x

dy
dx

dy
dx
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Using differentials to find derivatives makes the power rule a cinch. 
 

 

 
Even the product rule becomes easy to understand with differentials. 
 
 
Suppose we have a rectangle with sides   and at some 
time t.  Its area can be seen below in yellow. Both u and v are 
growing and at a moment in time, the sides of the new rectangle 
will be . The area of the new rectangle is the 
sum of the yellow area, the green area, the red area, and the blue 
area. 
 
 

 

 
 
Infinitesimals and differentials make calculations so much easier.  Using them eliminates the use of limits 
which frees us from a lot of notation.  The question then is asked: Why have they been eliminated from the AP 
curriculum?  I am not sure of the answer to that other than the fact that using them leads to paradoxical thinking.   
 
Give even the basic algebra student the statement ,  he/she will tell you that dx = 0.  But now we are 
saying that dx is the closest thing to zero but not zero.  It is a road that many teachers would prefer not to travel. 
 
It is really nothing different than we do with limits to finding derivatives (plugging in 0 for after canceling) 
but for some reason, it appears less egregious.  So differentials have been wiped clean from the AP curriculum.  
A pity.  There is a section in the Non-Essentials part of this manual and I urge you to go through it. 
 
The bottom line that using infinitesimals and differentials give the correct answers once we become comfortable 
with them.  As author Mercedes Lackey famously said, “If it is stupid but it works, then it isn’t stupid.”  
 
  

y = xn ⇒ dy = x + dx( )n − xn
dy = xn + nxn−1dx − xn all other terms have a dx to a power greater than 1( )
dy = nxn−1dx or 

dy
dx

= nxn−1

u t( ) v t( )

u + Δu and v + Δv

ΔA = u ⋅ Δv( ) v ⋅ Δv( )+ Δu ⋅ Δv The increase in area is green + red + blue

dA = u ⋅dv( ) v ⋅du( )+ du ⋅dv Since du and dv are infiniteseminals, we use differentials

dA = uv + udv + vdu du • dv is microscopic and can be eliminated
dA
dt

= u dv
dt

+ v du
dt

Divide everything by dt

x + dx = x

Δx


