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Derivatives as a Measure of Change 
 
We know that derivatives model rates of change.  Questions about rates of change are asked in forms: “how 
quickly?”, “how steep?” and “how reactive?”  A rate of change means a change in a response variable, usually 
y, divided by a change in an independent variable, usually x. Symbolically, we write the rate of change as 

. When we are interested in the change of y over time t, we write the rate of change as . 
 
An example of a rate is a speed. If a motorboat is moving at 30 mph, that quantity is a rate of change. It 
signifies how far the boat travels (  = 30 miles) in a specific amount of time (  = 1 hour).   Acceleration is 
also a rate of change. It is defined as how fast the velocity changes over time, written as . If our 
motorboat speeds up by 3 miles per hour, every 10 seconds, it means that the boat is changing speed from 30 
mph to 33 mph over a period of 10 seconds. 
 
From the beginning of algebra, we graphed curves on the x-y plane. Later, we realized that since x and y 
represented real-life entities, the graph gave us a pictorial description of how y changed based on how x 
changed. For instance, if we are told that the price of gas is $4.25 a gallon, the graph of the price as a function 
of gallons is a diagonal line passing through the points (0, 0) as no gas costs zero dollars and (1, 4.25) as one-
gallon costs $4.25.  That means that the slope of the line is 4.25. 
 
But rates are rarely constant in the real world.  The price of gas changes daily, sometimes hourly. The first big  
concern in calculus is to define what we mean by a rate if the rate keeps changing. Recently, I had a technician 
in my house examining my air-conditioning. Not only was she concerned about the temperature in my house, 
she was concerned with how fast the temperature was dropping over time. The rate of change wasn’t constant. 
When the AC was first turned on the temperature dropped quickly. But as the house cooled, the rate of decrease 
was slower.  
 
The graph to the right shows the price of gas per gallon over a period of a week. The slope 
of the curve is steeper over certain periods of time and shallower in others.  How do we 
define the slope when the slope is no longer constant?  In algebra, students found slopes of 
lines and those slopes were always constant.  But in the example to the right, the change of 
the price of gas is no longer constant and thus the slope depends on the time in question. So 
we don’t think of rates of change as constants. They need to be functions. 
 
With some calculus under your below, you know that I am talking about a derivative.  A 
derivative defines the rate of change of a function, and very importantly, it is a function itself.  It specifies a 
formula for the rate of change at a given point or given time, even if that rate changes.  The word derivative 
arises from it being a different function  derived from the original function f. 
 
Most people have no knowledge of calculus but they deal with derivatives all the time. How much does 
lowering the cost of a cruise increase the number of people who book it?  How much does raising the amount of 
pain medication decrease the amount of pain?  How much does lowering the speed limit on a road decrease the 
number of accidents? How much does raising the cost of gas affect the number of cars on the road? Whenever 
we study relationships, we want to know: if one variable changes, how much does a related variable change? 
And is the change positive or negative or perhaps not at all? These are all questions about derivatives of a single 
variable.  If we are interested in how a combinations of variables affect a related variable,  (for instance, 
lowering the speed limit and a given number of policemen patrolling vs the number of accidents), then we need 
to get into multivariable calculus. 
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In calculus, we know the symbol for the derivative is . It is similar to our normal rate of change  
except that the two changes dy and dx are infinitesimally small. Remember that the Infinity Guideline states that 
in order to solve complicated problems , we first slice them into infinitesimal pieces, analyze them, and then put 
the tiny pieces back to find the answer. We are interested in dx and dy in the context of differential calculus. We 
then put them back together as a part of integral calculus, a problem for another day. 
 
There are only three basic problems in calculus. The first and third are illustrated in the figure below. The 
second problem is covered in the final section of this addendum. 
 

1)  The change problem: Given a curve, find a formula and/or graph for its slope (rate of change) everywhere. 
 
2)  The accumulation problem: Given a formula and/or a graph of a curve’s slope everywhere, find the curve. 
 
3) The area problem: Given a curve, find the area under it. 

 
The diagram shows the graph of a general function  in green.  We 
know nothing what x and y are, but most likely they represent some real-life 
data.  Most people do calculus to model some real-world phenomena. The 
curve represents a function y of one variable x. At a chosen value x, we 
draw a line tangent to the curve in red and  is the slope of that line.  
Ending at the same value x, we find the area under the curve in blue from x 
= 0 and we call that  . 
 
 
 
It appears easy, but when we talk about the slope of the curve, we don’t 
mean the slope at one specific point. We mean the slope at general point x. 
As we move along the curve, the slope changes.  So we are interested in a 
formula for the slope of the curve for any value x. In the diagram to the 
left, we show the same function   but now draw the graph of  

in red.  Since  increases, hits a high point, and then decreases, 

is first positive, then zero, then negative.  Similarly the area under 
the curve depends upon the value of x.  As we increase x, the area under 
the curve expands quickly and the graph of is shown in blue as well.   
It is this section of calculus that can be confusing to students – working in 
generalities. For instance, students have no trouble multiplying  
but utilizing the fact that  can cause students problems.  
 
We start with simple linear relationships where one variable is proportional to another (the dependent variable is 
equal to some constant times the independent variable).  
 
• The cost of the tile we put in our lobby is $4.15 per square foot.  One square foot would cost $4.15. 100 square 

feet would cost $415.  So when we order x square feet, it would cost y dollars where y = 4.15x. 
 
• I ride my bike on average at 16 ft/sec.  After one second, I travel 16 feet. After one minute, I travel 960 feet. 

After t seconds, I travel 16t feet.  The relationship is  d = 16t where d is the number of feet ridden in t seconds. 

dy dx Δy Δx

y x( )

dy dx

A x( )

y x( ) dy dx

y x( )
dy dx

A x( )

22  and 23

ax ⋅ay = ax+ y



© www.MasterMathMentor.com                                                       - 287 -                                             Illegal to post on Internet  

 
• The maximum grade for a road for a federally funded highway in the United States is 7%. That means it must 

not rise more than 7 feet for every 100 feet of horizontal run. For a road with this maximum permissible 
grade, the relationship between rise and run is  where y is the rise and x is the run. 

 
A rate always is interpreted as the quotient of two changes: a change in y divided by a 
change in x.  We write this in symbols:  where  is the Greek letter meaning 
change. So if I ordered 10 extra tiles, we spend $41.50 and the corresponding rate is 

. But this rate is constant. No matter how many tiles I purchase, the 

rate is the same.   
 
In this situation the rate is simply a number: 4.15.  That is not an issue here but that is not 
always the case. For instance, in the situation of the road, sometimes it is steep and 
sometimes it is flat. It is constantly changing.  So it is a mistake to think of rates of change 
as numbers. They are functions.  Even the tile example above has a rate that is a function. It 
is a constant function whose graph is a horizontal line, shown to the right. 
 
 
But most functions that are “interesting” are not linear,  meaning its rate of change 

 is not constant.  This means that its slope changes as x changes.  The example 
we will look at is . We see that around the origin where x = 0, the curve is very 
flat. We can see that the derivative there must be zero because the tangent line is the x-
axis.  
 
But then the curve rises, slowly at first and then more steeply and the slope is 
constantly changing. Let’s zero into the point (0.5, 0.0625). What is the tangent line to 
the curve at that point?  We will zoom in constantly to this point.  As we do so, the 
curve will look straighter and straighter. Using the limit of infinite magnification, that magnified section should 
approach a straight line. That limiting straight line is defined as the tangent line at that point and its slope is the 
derivative at that point.    
 

       
 

As we keep zooming in, the sections looks straighter. By measuring the rise over run,  as we zoom in, 
we are in essence taking the limit of the section’s slope  as  gets closer to zero. The slope of this line 
is getting closer to 0.5.  Using the derivative definition that you learned, we can show that the limiting slope is 
exactly 0.5. And using the same definition at any general point x shows that the limiting slope (and thus the 
slope of the tangent line) equals  at any point (x, y).  Using calculus jargon, the derivative of  , or 

symbolically, . 
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So, at the point (0.5, 0.625), the slope will equal .  And at the origin, where x = 0, the slope will be  

.  As x gets larger than 0, it should be obvious that the slope should get larger and larger.  And when 
 x < 0, the slope would be negative. 
 
This process uses the Infinity Guideline. We make a complicated curve easier by splitting it into infinitesimally 
straight sections. That is the essence of calculus.  Curves are complicated. Straight lines are simple.  So problem 
one of calculus is the change problem, generating more and more shorter and shorter straight lines and finding 
the limit of their slope as the number of lines approach infinity (the Infinity Guideline). 
 
It is important to understand that about the 
derivative process.  Zooming in infinitely to a 
point only works when the curve approaches a 
limiting straight line as we constantly zoom into 
it.  A notable exception is the absolute value 
function, . We know this curve graphs a 
V-shape. No matter how much we zoom into the 
origin, the V-shape still appears.  We called the vertex of the V a corner and at that point, the derivative does 
not exist.  Such curves we call non-differentiable.  Differentiable curves allow this derivative process at every 
point on the curve. Curves that are smooth are differentiable. Those that have sharp corners are non-
differentiable, at least at that sharp corner.  These curves do exist in real-life applications. For example, the 
price of gas over time would usually graph a non-differentiable function. Gas prices have sudden jumps and 
declines so while it may be constant over a period of time, it may go up 5 cents at one instant of time.  
 
Let’s show the use of derivatives in a real-world sense. In the graph to the right, we 
examine the number of minutes of daylight – the time between sunrise and sunset – 
in Los Angeles, California in the year 2022.  The shape is a wave. We find that the 
number of days of sunlight hits a maximum occurs on day 172, June 21 (14.4 hours). 
This is called the Summer Solstice.  The number of days of sunlight hits a minimum 
on day 355, December 21 (9.6 hours). This is called the Winter Solstice.  
 
 

On January 1, the amount of daylight in Los Angeles was 9 
hours, 39 minutes and 59 seconds. On January 2, the day got a 
bit longer: 9 hours, 40 minutes and 35 seconds, an increase of 
35.55 seconds.  That figure is an approximation of how fast the 
days were lengthening on that day of the year. 
 
Fast forward two weeks and the days have increased by over a 
minute. So the amount of daylight was not only increasing but 
increasing faster with each passing day.    
 
Move into March and the days are increasing at over 2 minutes 
per day. But around March 21, the rate of increase maxes out at 
2 minutes 26.96 seconds per day.  After that, the days are still 
getting longer but at a slower rate. On March 22, the rate 
decreases to 2 minutes, 26.94 seconds per day. We can see this 
in the graph above.  About day 80, about ¼ of the way in from 
the left, the graph rises most steeply. This is when the hours of 
daylight is climbing most rapidly and its derivative is the largest. 
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Let’s examine the opposite situation: In September, the days are shortening. About September 22, the days are 
shortening at its greatest pace: 2 minutes, 26.96 seconds per day. After this day, the days get shorter but not as 
quickly. See this in the graph above. About day 265, about ¾ of the way in from the left, the graph decreases 
most steeply. This is when the hours of daylight is decreasing most rapidly: i.e. its derivative is the smallest. 
 
It is easy to get confused. We saw that graph of daylight hit its peak on day 172, June 22, the Summer Solstice. 
That is not the same date when the amount of daylight is increasing the fastest (called the Spring Equinox). In 
fact, when the graph hits its peak, the number of hours of daylight is barely changing at all and its tangent line is 
horizontal (zero slope). Similarly, the graph of daylight hits its valley on day 355, December 21, the Winter 
Solstice. This is not the same date when the amount of daylight is decreasing the fastest (called the Fall 
Equinox). Again, when the graph hits its valley, it is barely changing at all and its tangent line is horizontal 
(zero slope).  If you are reading this after you completed your calculus course, you have the benefit of realizing 
that both the Spring and Fall Equinox occur at inflection points on the daylight hour curve – where the graph of 
the function switches from concave up to concave down or from concave down to concave up. 
 
Even though the amount of light in the northern hemisphere depends on the latitude, 
the dates of both the Winter and Summer Fall Solstice as well as the Spring and Fall 
Equinox falls on the same day every year as you can see by this graph. The dates of 
these will vary by a day or so each year because there are not exactly 365 days in a 
year. In a northern city like Anchorage, Alaska summer days last about 20 hours. It 
never really gets dark. Nights are equivalent to dusk. But winter days only get about 
4 hours of daylight a day. Compare that to an extreme southern city like Panama 
which is close to the equator.  Hours of daylight in that city do not vary much at all, 
from a high of 12.25 and a low of 11.75. 
 
So let’s looks at the graph of the derivative of the daylight hours function for 
Los Angeles, the change in minutes of daylight.  The rate of change is also a 
wave. It starts out positive in late winter to early Spring (January through 
March) and peaks at the Spring Equinox (March 21).  The extra minutes of 
daylight then begins to drop and becomes negative on the Summer Solstice 
date (June 22), as the days begin to shorten.  The rate is most negative around 
September 22 (the Fall Equinox) and stays negative until December 25, the 
Winter Solstice, when the days start to slowly get longer again. 
 

 
Let’s examine the shape of the two waves over two years, 
adjusted to show the same amplitudes.  At the top is the number 
of minutes of daylight with the Summer Solstice shown at the 
peaks and the Winter Solstice shown at the valleys.  Below is 
the graph of the change in minutes of daylight by day, i.e. the 
derivative of the top graph. The Spring Equinox is shown when 
this change is at a maximum which corresponds to when the 
minutes of daylight is increasing the fastest.  The Fall Equinox 
is shown when this change is at a minimum which corresponds 
to when the minutes of daylight is decreasing the fastest.  
 
Notice how the two waves are out of sync. They don’t peak at 
the same time. The minutes of daylight graph peaks about 
halfway through the year, while its rate of change peaks about 3 
months earlier, ¼ of a year.  
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For students having a year of calculus under their belts, this should come as little 
surprise. The minutes of daylight is a periodic circular motion problem studied in 
trigonometry. The function graphing it is in the sine family. Its rate of change, the 
derivative , then must be in the cosine family. Students have learned that the shape of a 
sine curve and cosine curve are the same wave, shifted 90 degrees or radians.  
There is always a offset between any sine wave and the wave derived by its 
derivative, its rate of change.  
 
 
This relationship between data and change of data occurs in the 
real world. For instance, a model of predator-prey interactions 
in biology is a good example.  Imagine a forest inhabited by 
foxes and rabbits. When the rabbits are at their maximum 
population, the fox population grows quickly because there are 
so many rabbits to eat. The fox population reaches its 
maximum level a quarter cycle later when the rabbit population 
has dropped severely. When the rabbit population bottoms out, 
the foxes have little to eat so their population decreases and 
hence the rabbit population begins to increase again.  The two 
populations oscillate out of phase by ¼ of the period.  
 
Finally, realize that although we showed the graph of daylight hours as continuous curves, in reality that is not 
true. They are a discrete set of points, with no data in between. It makes no sense to talk about the length of day 
20.5. Let’s show an example where the data appears to be truly continuous. 
 
40 years ago and 40 pounds ago, I was a runner. I was never very fast and I concentrated on long distances.  I 
ran marathons (26.2 miles). My best time in a marathon was 3 hours and 15 minutes. So, in that race, I averaged 
8.06 miles an hour or (as runners measure it), a 7 minute, 27 second per mile pace.  My goal was to run at an 
even pace the entire race. Runners tend to go out too fast and slow up as fatigue hits them, especially in the 
marathon where runners who go out too quickly are walking by the time they reach the end of the race. 
 
I used to run with a student of mine, Ken Lowry. Ken, probably half my age at that time, 
was the complete opposite of me as a runner. Although he could run longer distances, Ken 
usually ran high school races of 400 meters, 800 meters and the mile. He was blazingly fast 
and me, not so much!  He set what was a national record at the time in the 1,500-meter 
race.  And yet, we would frequently run together when he wanted to get in some distance 
work. He ran at my pace, which wasn’t very fast.  And we talked while we ran.  At least he 
did. 
 
I remember one conversation that we had. He was contemplating what would it be like to 
be the fastest runner in the world and how could that be measured.  I said that was easy.  
Choose a distance and determine who can run it the fastest and calculate the speed which is 
distance divided by time.  Ken said no – “I want to know the fastest speed ever run by a 
human. That’s not the same thing.” 
 
It took me a long time to realize that I, the college - educated mathematics teacher failed to grasp what Ken, a 
struggling algebra 2 student was saying.  I was concentrating on the average speed while Ken, sophisticatedly 
was talking about instantaneous speed.  He realized that these two speeds were not the same and was interested 
in how this instantaneous speed could be measured.  I only wish that I could go back in time and give him the 
answer to this question as the use of calculus and the Infinity Guideline are on full display. 
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When we think of the fastest runner in the world, we need to choose a distance against which everyone is 
measured. The distance cannot be too long as the human body needs to run full out and can only do so for short 
distances, unlike, say a jaguar. The distance cannot be too short either.  Sprinters start from a velocity of zero 
and need some time and distance to get up to speed. The distance chosen to be the standard is 100 meters.  The 
fastest runner in the world is Usain Bolt who ran 100 meters in 9.58 seconds which corresponds to an average 
speed of 23.35 mph. But because he started from zero, the mean value-theorem that we studied tells us that at 
some time in the race, he was traveling faster than 23.35 mph (actually close to 27.5 mph). In Mr. Strogatz’s 
book Infinite Powers, he gives us a detailed description of the Usain Bolt race and a full analysis of calculating 
his speed.  I cannot improve on that work, so I will concentrate on swimming, using a similar argument. 
 
In running, an arbitrary course length was chosen: 100 meters.  There is no reason that another length could 
have been chosen.  110 meters might have done just as well. There really is no restriction on the length other 
than the need to be such that at some point in the race, a runner is running as fast as is possible for him.   
But in swimming, which obviously is done in a pool, there is an important restriction: the pool length.  Olympic 
pools are 50 meters long.  To determine the world’s fastest swimmer, it doesn’t make any sense to use any other 
distance other than 50 meters. To make it shorter would make it impossible to determine the exact time a 
swimmer swam that distance. To make it longer means that the swimmer would have to slow down when 
approaching the end of the pool to turn.  So the standard used to determine the fastest swimmer is 50 meters. 
Running is also different than swimming in that once a runner hits the tape, the timer stops but the runner can 
continue to run to slow down. In swimming, the swimming stops because of the wall.  
 
Michael Phelps broke just about every Olympic swimming record that existed in 2008 and 2012 but the fastest 
swimmer in the world as of this writing is Caeleb Dressel.  He swam the 50 meters in 21.07 seconds in the 2020 
Olympics. This is an average speed of 2.37304 meters/second or  5.308 miles per hour. 
 
Unlike running the 100 meters where splits are 
recorded every 10  meters, it is difficult to do that in 
swimming. So let’s look at a hypothetical set of splits 
for Dressel.   Let’s show this information graphically. The graph to the 
right shows the elapsed time at which Dressel crossed 10 meters, 20 
meters, and so on up to the 21.07 seconds it took him to hit the end of 
the pool. 
 
The dots are connected with straight lines but realize that only the dots 
are the real data.  They appear linear but a careful examination shows 
that that the slopes of these lines have the smallest value in the first 10 
meters as Dressel gets up to speed. They bend upward in the next 30 
meters meaning that he is accelerating (he covers each succeeding 10 
meters in lesser time). It is only in the last 10 meters that he slows 
down as the line bends slightly to the right. Maybe that was because of 
fatigue or he knew he had the race won and subconsciously slowed, 
albeit fractionally. Also, there is a wall. 
 
The question is: at what time was he swimming his absolute fastest and where in the 50-meter pool that 
occurred? Based on the slope of the lines, we think that his fastest average speed over a 10-meter section 
occurred between meter 30 and meter 40.  But even that is not necessarily true. Maybe he was fastest between 
meter 25 and meter 35. 
 
And, as Ken aptly said, an average speed over 10 meters is not what we really want.  We want his maximum 
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speed. At what precise moment in time was Dressel swimming the fastest? And how fast was that? 
Mathematically, we want is Dressel’s instantaneous speed at the 
moment in time he was moving the fastest.  However, the concept 
raises questions.  Look at the picture to the right. At the instant the 
picture was taken, Dressel seemingly was at exactly one place in the 
pool.  He appears frozen even though we realize he is moving. 
Movement means he covers some distance in some time. Using that 
definition, speed can only be calculated over a time interval, and not a 
particular instant of time.  So the question is raised: how do we 
calculate his speed at the moment that picture was taken? 
 
Whether pictures are taken with mechanical cameras or electronic 
ones, there is a shutter release that lets in light for a given amount of 
time. On mechanical cameras, a photographer can set that speed to 
1/60, 1/250, or as fast as 1/4000 of a second.  But some amount of 
time, albeit very small, must pass. A picture like the one above was 
taken with a very fast shutter speed as opposed to the picture to the 
right. With a very slow shutter speed, the motion is obvious because 
the swimmer and the splashing water are at two different positions 
when the shutter opened and the shutter closed, causing blur.  
 
So as the shutter speed gets close to zero, the distance that the swimmer moves also gets close to zero. The 
swimmer is certainly moving. So, again, how do we calculate his speed at that time? 
 
Instead of using straight lines to connect the dots in the graph 
on the previous page, we wish to use a smooth curve. 
Certainly it does not appear that a curve passes through them 
– the 5 points look quite linear. But when the difference 
between times in each 10-meter interval is so small, looks 
can be deceiving.   We calculate the slopes of each line, the rate of change in meters per second.  As shown in 
the table, they are reasonably close, all between 2.2 and 2.5. Realize though thought that relatively speaking, 
they are considerably different.  Dressel’s average speed between meter 30 and 40 is about 13% faster than 
between meter 0 and meter 10. 
 
We now graph time versus average speed in meters per second. We add in the 
point (0, 0) as swimmers start from a stationary position. We can join the points 
with lines as we know that swim speeds do not change radically at an instant in 
time. Using this graph, we might conclude that Dressel’s maximum speed was 
2.494 feet/sec at 16.82 seconds into the race. But do we really know that? 
 
 
 
 
Obviously, the answer is no.  We need more data. So let’s assume that we had the 
technology to determine the splits every 5 meters rather than every 10 meters.  
Doing that would give us 5 extra points. We then find the slopes between each 
consecutive points and graph them.  We are going through our change (derivative) 
process and notice how the connected graph now appears to be curved even 
though it is still made by a series of straight lines. 
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There are many techniques to fit a curve to a set of points. The one you see to the 
right was created with a 5th degree equation. The method that creates it is not 
important here.  You can see the lines using dashes as well as the curve and they are 
quite close to each other.  Using this smooth (differentiable) curve to connect the 
data points, it appears that his maximum speed was 2.51 meters/sec  (5.61 mph) at 
15.4 seconds.  (This incidentally occurs at meter 32.64 meters of the 50-meter pool 
using an integral technique shown later).  But do we really know that?  We only 
have these 11 data points.  Maybe he had a burst of adrenaline between 16 and 18 
seconds and actually hit his maximum speed then.  We simply do not know. We can 
only use the data we have. 
 
Finding the answer to that important question uses the change process. Keep getting more and more data points, 
joining them with straight lines. The more lines we have, the more it appears as a curve. The Infinity Guideline 
will allow us to find his maximum speed to as many decimal places as we want.   
 
You have been through an entire calculus course and know that you can take the derivative of the velocity 
function, set it equal to zero, and that gives you not only the exact time when Caeleb Dressel hit his maximum 
speed but also what that maximum speed is. Realize though that this derivative is simply the limit of the change 
process done an infinite number of times.  
 
Your current knowledge of calculus allows you to find the maximum value of a function. So you might wonder 
why we are going through this process of getting more and more data points.  But please understand however 
that Caeleb Dressel doesn’t swim according to a mathematical formula. The stock market doesn’t change 
according to a mathematical formula. Hurricane don’t travel paths that are described by exact mathematical 
formulas. We can model real life data by using data points and trying to fit a mathematical equation to them but 
that equation is not exact.  For exactness, we are confined to actual data.  The more data we have, the better the 
prediction. The Infinity Guideline says that if the number of data points approaches infinity with them being 
closer together, the prediction becomes more and more exact.  
 
That is why I firmly believe that we are doing students a disservice by not introducing them to statistics early in 
their education.  We just showed that to find how fast Dressel swam, we need more data. Statistics teaches 
students data collection techniques as well as describing large sets of data with a few numbers as well as 
measuring how data is spread out. Calculus and statistics go hand-in-hand. Calculus in the more theoretical 
sense and statistics in the real-world sense.  
 
How many data points are actually needed?   Let’s see what 
happens if thousands of data points are chosen and a curve is 
drawn that satisfies those points.  The waves on the graph 
represents the ups and down in speeds that will occur during 
the process of swimming.  The motion of a swimmer is not 
like that of a car in cruise control.  During a freestyle swim, 
the legs do not kick at exactly the same rate, affecting the 
speed. And speed will increase when the arm is perpendicular 
to the body, pushing the most water. Arms enter the water 
and push on it downward at first, then parallel to the body 
and then upwards. When and arm exits the water, it isn’t 
pushing at all and speed decreases. Both the left and right 
arm may not have equal strength It is no wonder that the 
speed fluctuates slightly because swimming is a complex 
motion. 
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The problem is that these littles waves give too much information. We are interested in the forest and not the 
trees and because of that, our purpose in choosing a number of points and fitting a smooth curve to the data by 
creating lines is just as good.  If we collect too much data with the points super close to each other, then they 
have to be filtered out to see the trend.  
 
If we make the resolution of our measurements too fine, if we increase the 
detail in time or space, we will usually see a breakdown of 
differentiability (smoothness).  We see this in the graph of the S&P 500 
index from January 2021 to January 2022.  The sawtooth pattern is the 
index value after every week.  We tend to ignore this pattern and 
concentrate on the overall trend that demonstrates, in general, the value of 
the S&P increased linearly over that period of time.  Imagine what the 
graph would look like if we used data daily or even hourly. Too much 
knowledge can be as bad as too little. 
 
So we have to choose about what is important and what can be ignored. That is why calculus can be seen as 
much an art as a science. Even the statement that the value of the S&P increased linearly over that period of 
time can be seen as not giving complete information as it ignores the fact that the value declined precipitously at 
the start of 2022.  A course in calculus might not mention that while a course in statistics certainly would. 
 
 
Here is an analogy.  Back in the year 1983, my Dad, Lou painted a picture 
of Ireland’s Kylemore Abbey. His style was meticulous.  He painted 
every turret, every tower, every buttress, every tree leaf individually. It 
took him hundreds of hours to paint this 8 by 10 oil.   
 
Below my Dad’s picture is a watercolor of the same castle, painted by 
artist Marcus Bleichner.  I have no idea how long it took him to paint the 
picture but I know it wasn’t 100 hours.  
 
Which is the better depiction of the castle? That, of course, is up you.  
While the detail in my Dad’s painting is far greater, there are those who 
might think that the watercolor is a better picture.  However, it is difficult 
to dispute the fact that my Dad’s work shows reality better. It is simply 
far more exact.   
 
How many data points are necessary to depict reality?  That is a matter of 
opinion. But the fact is that the more data points that are used, the closer 
to reality our mathematical model becomes. If we are interested in truly 
finding a maximum speed, a minimum temperature, a maximum height, a 
minimum price, the more data we have the better the approximation. And as the 
number of points approaches infinity, our approximation approaches exactness.  
 
When people drive a car, make a phone call, or use the computer to search the Internet, they become users of 
technology. Sadly, most fail to understand the logic that drives these machines and the brilliance of the people 
who created them. Similarly, when calculus students deftly take a derivative and use calculus techniques to find 
maxima and minima, it is important that they realize that this simple algebraic manipulation is hiding the 
change process and behind that, the Infinity Guideline. It is my hope that at the very least, students can 
appreciate the brilliance of the men who discovered these ideas. To understand the history behind these 
discoveries, I urge you to read Steven Strogatz’s book Infinite Powers upon which this addendum was based. 
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